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Abstract 

In this paper we consider tlie Grassmannian complex of projective configu- 
rations in weighit 2 and 3, and Cathielineau's infinitesimal polylogarithmic com- 
plexes. Our main result is a morphism of complexes between the Grassmannian 
complex and the associated infinitesimal polylogarithmic complex. 

In order to establish this connection we introduce an F-vector space ySj (^^). 
which is an intermediate structure between a Z-module S2(F) (scissors congru- 
ence group for F) and Cathelineau's F-vector space PiiF) which is an infinitesimal 
version of it. The structure of /3?(F) is also infinitesimal but it has the advantage 
of satisfying similar functional equations as the group SiiF). We put this in a 
complex to form a variant of Cathelineau's infinitesimal complex for weight 2. 

Key words: Grassmannian complex, infinitesimal complex, polylogarithm, triple- 
ratio. 

Subject Classification: 11G55 

1 Introduction 

In his seminal papers dlSl.llOl. llTOl . lfTTI '). Goncharov uses the Grassmannian complex 
(first introduced by Suslin (see ifTSi )) associated to points in in order to prove Za- 
gier's conjecture on polylogarithms and special L-values (see |fT9l ) for weight « = 3. 
This conjecture in particular asserts that the values of Dedekind zeta function ^f{s) for 
some number field F at an integer point s - n > 2 can be expressed as a determinant of 
n-logarithms evaluated at points in F. It was known for « = 2 by work of Suslin, Borel 
and Bloch and also proved in a slightly weaker form by Zagier himself. Goncharov 
forms an ingenious proof for weight « = 3. 

In the process, he introduces motivic complexes r(n). Cathelineau investigates 
variants of these complexes in the additive (both infinitesimal and tangential) setting 
(see 113,13,11). 

One of the most important ingredients of Goncharov's work is the triple-ratio (Gon- 
charov called it generalized cross-ratio) which is first introduced by Goncharov (see 
||9l). In his earlier paper Goncharov had a formula (which is not visibly antisymmetric) 
for the morphism /f * : C6(3) ^ Si(F), (see §4 in El), for any field F, where C6(3) 
is the free abelian group generated by the configurations of 6 points in 3 dimensional 
F-vector space modulo the action of GL^{F) . Goncharov introduced the triple ratio by 
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anti-symmetrization of formula for . Having defined the triple-ratio he described an 
antisymmetric formula for the morphism /6(3) : C(,0) S^iF), but with the restric- 
tion that it applies to generic configuration only, where points are in generic position 
(see Formula 3.9 in Q) (unfortunately, in Q there was a missing factor in the formula; 
this missing factor of ^ was pointed out by Gangl and Goncharov provided a proof of 
the corrected formula in the appendix of [fT2l). By using algebraic /(T-theory he con- 
structed a map of complexes from the Grassmannian complex to his own complex and 
then he proved Zagier's conjecture for weight n - 3. 

Our point of view is to bring the geometry of configuration spaces into infinitesimal 
setting. We tried to find suitable morphisms between the Grassmannian subcomplex 
(C,(«), d) (see diagram ( 12. lab in l2.1b and Cathelineau's analogues of Goncharov's com- 
plexes r(«). For weight « = 2 and n - 3, we proved that the corresponding diagrams 
in the infinitesimal setting connecting the Grassmannian subcomplex {Ct(n),d) (see 
diagram ( 12. lab in 32.11 ) are commutative (see 33.2b . 

Goncharov outlined the proof for commutativity of the left square of diagram made 
by Grassmannian complex and weight « = 3 motivic complex (see §3 in |j9l for the 
actual diagram and appendix of j:l2j for the proof). For this he worked in /\^ ® F^, 
using the factorisation of l- ^!!°'!''!^!^[!''!-'!''i^[r'!°'!'! , where A(/,-, / ,-, h) denotes some 3x3- 
determinant, into a 3 x 3-determinant and a 6 x 6-determinant and also had to appeal to 
a deeper result in algebraic /iT-theory (see Lemma 5.1 and Proposition 5.2 in lfT2l '). 

We observe that each term in the triple-ratio can be rewritten as product of two 
"projected" cross-ratios in P-, which enables us to give an elementary proof (which 
does not use algebraic /T-theory) of our main result (Theorem 13. 11) . 

Furthermore, we define infinitesimal group fi^iF) for any derivative D e Der^F 
over a field F which has more or less similar functional equations as the group 'BoiF) 
and use it to our advantage for the proof which works almost same for the two direct 
summand involving li^{F)®F^ and F^'BtiF). In summary, the proof of Theorem l3.1 II 
consists of rewriting the triple-ratio as the product of two cross-ratios, combinatorial 
techniques and the use of functional equations in fi^iF) and S2{F). 

2 Preliminaries and Background 

As we mentioned in the introduction, we are relating the Grassmannian complex to 
a variant of Cathelineau's complex. We will also present the variant of Cathelineau's 
(infinitesimal) complex in 32.41 and will try to form a generalized complex for P^(F) 
as Goncharov's work in ifTTl . 

2.1 Grassmannian complex 

In this section, we recall concepts from (see JS], IfTOl ). Consider Cm{X), which is the 
free abelian group generated by elements (xi, . . . , x,„) 6 X'" for some set X with x, € X. 
Then we have a simplicial complex {Ct(X),d) generated by simplices whose vertices 
are the elements of X, where the differential in degree -1 is given on generators by 



d : C„,{X) ^ C„,-i(X) 



m 




Let G be a group acting on X. The elements of G \ X'" are called configurations 
of X, where G is acting diagonally on X"'. Further assume that C,„{X) is the free 
abelian group generated by the configurations of m elements of X then there is a com- 
plex {Ct{X),d), and C,(X)g be the group of coinvariants of the natural action of G on 
Ct{X) = Ct{X). For m > n, let us define C,„(«) (or C,„(P^"')) which is the free abelian 
group, generated by the configurations of m vectors in an «-dimensional vector space 
y„ = Ap over a field F (any n vectors arising by using X = V„) (or m points in P^"') 
in generic position (an m-tuple of vectors in an «-dimensional vector space V,, is in 
generic position if ii or fewer number of vectors are linearly independent). Apart from 
the above differential d, we have another differential map: 

d' : C,„+i(« + 1) ^ C,„(n) 

m 

d' : ih, ...,U^ Y^-l)\li\h, ...X..., Im), 

!=0 

where (/,|/o, /,„) is the configuration of vectors in V„+\l{li) defined as the n- 
dimensional quotient space, obtained by the projection of vectors Ij e V„+i, j + i, 
projected from C,„+i(n + 1) to Cm{n) from which we have the following bicomplex 



(2.1a) 



C„+5(n + 2) — ^ C„+4(n + 2) — ^ C„+i(n + 2) 

(/' d' d' 

C„+4(" + 1) — ^ C„+3(n + 1) — ^ C„+2(n + 1) 

d' d' d' 

9- C„+3(n) — ^ C„+2(«) — ^ C„+i(«) 

which is called the Grassmannian bicomplex. For the following we will use a subcom- 
plex (C,(n), d) called the Grassmannian complex, of the above 

• ■ ■ -i C„+3(n) C„+2(n) -i C„+i(«) 

We concentrate our studies to the subcomplex (C,(n), d), but in some cases we will also 
use the following subcomplex (C,(*), d') of the Grassmannian complex 

• ■ ■ C„+3(n + 2) -^^ C„+2(n + 1) C„+i(n) 



2.2 Polylogarithmic Groups 



From now on we will denote our field by F and F - [0,1] will be abbreviated as F". 
In some texts F" is also referred as doubly punctured affine line over F in (16]). We 
will also denote Z[P]^] as the free abelian group generated by [x] where x 6 P^. 

Scissors congruence group:( lfT7l )The Scissors congruence group S{F) of F is 
defined as the quotient of the free abeUan group Z[F**] by the subgroup generated by 
the elements of the form 



[x] - [y] 



1 



1 -X 



1 



1 -X- 



where x ^ y, x,y i^O,l 
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The above relation is the famous Abel's five-term relation for the dilogarithm. 



2.2.1 Bloch-Suslin and Goncharov's polylog complexes 

In this section we will closely follow (Sl and ||9l. 

1. Weight 1: We define subgroup 7? c Z[Pj,] by 

The map 6i : Si{F) F^,[a] a is defined as an isomorphism (see §1 of 121), 
so we have Si{F) - F^. 

2. Weight 2: First we define the subgroup R2{F) c Z[P], \ (0, 1 , oo}] 

RliF) ljj-mr(xo, ...,x,,.. . ,X4)], Xi e Pj.\ 

\ !=0 / 

where r(xo,xi,X2,Xi) - |t°rt^j|ti-t3) cross-ratio of four points and 62 is 

defined as 

62 ■■ Z[Pj, \ {0,1,00}] /\ V 

[x] >-> (l - X) A X 

where A ^F^ = F^i8)zF^/(x(8izx|x e F^}. One has 62 (R2{F)) - 0. Now we can 



define the free abelian group S2{F) which is generated by [x] e Z[Pl \ {0, 1 , 00}] 



and quotient by the subgroup R2{F) c Z[P}. \ {0, 1, 00}], i.e. 

Z[P].\ {0,1,00}] 

^'^^^ mF) — 

and we get a complex Bf(2) called the Bloch-Suslin complex of F 
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Bf(2): S2(F)^ /\^F' 



where first term is in degree 1 and second term in degree 2 and 6 is induced from 
62 due to fact 62 {R2{F)) = 0. 

3. Weight 3: Consider the triple-ratio of six points e Z[Pj^] which is defined as 
r3 : C(,(P^p) — > Z[P}^], where C6(P^) is a free abelian group generated by the 
configurations of 6 points in generic position over P|. 



r3(/o,-.-,/5) = Altfi 



m,h,u)Kiui2,h)m,kM)\ 

where /; is the point in P^, A(/,-, Ij, k) = {co, U A Ij A Ik) and oj 6 det V* . Now 
define the relation Ri{F) 6 Z[P],] 

^3(^') := [Y^-yn(h, h)\ (k, ...Ji,..., k) e CeCPl)) 

\ 1=0 / 

One can define S^iF) as the free abelian group generated by [x] e Z[Pjp] and 
quotient by Ri{F), [0] and [00]. Thus we get the complex Bf{3) 
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4. Weight > 3: Here we will define group S„(F). Suppose finiF) is defined al- 
ready, we set 

Z[PJ,] 



n„{F) 



and the morphism 



[a] 



fo ifx = 0,1,00 

[x]„_i A X otherwise 



where [x]„ is class of [x] in S„{F). We find more important is the case for n > 2, 
where we define 

m„{F) = ksx5„ 

and %,{F) c Z[P];.] is generated by the elements a(0) - q'(1),[oo] and [0], where 
a{t) runs through all the elements of J\„{F{ty), for an indeterminate t. 

Lemma 2.1. (Goncharov) For n > 2, UniF) c ker5„ 

Proof: See lemma 1.16 of IS). □ 
Goncharov defines the following complex (Il8],|l9l) for the group S„{F). 



!B„iF) ^ S„_i ® FX ^ ® A ^ ■ • ■ ^ S2(F) A "-'FX ^ ^JlT— (1) 

' \ ' \ / - torsion 



2.3 Infinitesimal Complexes (Cathelineau's Complexes) 

There are two versions of infinitesimal complex or infinitesimal groups. In the literature 
the first one was introduced by Cathelineau while the other version was introduced 
by Bloch-Esnault O] also called "additive". The latter version is beyond the scope of 
this text we will discuss here only the former one. 

Cathelineau (|l3l,|l2l) has defined the group ( in fact an F-vector space) as an in- 
finitesimal analogue of Goncharov's groups !B„(F) as follows 

1. We define = F 

2. One can define f^2(F) as 

F[F"] 

riiF) 

where r2{F) is the kernel of the map 

di ■■ F[F"] F^zF"" 

[fl] l-> fl (glf fl -H (1 - fl) (g)Z (1 - fl) 

Cathelineau 13J has shown that r2{F) is given as the subvector space of F[F"] 
spanned by the elements 



[a] -[b] + a 



+ (1 -fl) 



1 -b 



,a,b & F" ,a + b. 



I - a 

hence passing to the quotient by r2iF) we obtain the complex 

l32{F)^F®iF'' (2) 
d : {0)2 i->a(8iaH-(l-a)(g)(l-a) 
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3. For n > 3, the F- vector space /3„(F) is defined as 

r„(F) 

where r„{F) is kernel of the map 

dn : F[F"] ^ OS„_,(F)®F><)®(F®S„_i(F)) 

[fl] <a)„_i ® fl + (1 - fl) ® [a]„_i 

where (fl)^ is the class of [a] in /3ic(F) and [a]^: is the class of [a] in StiF). For 
n = 2, we have the following complex of F-vector spaces. 

MF) ^ (J32(F) (8) F'^MF ® S2{F)) F » /\ (3) 

where 

d : (fl)3 i-> (fl)2 ® fl + (1 - fl) (8 [fl]2 
5 : (fl)2 ® + X® [y]2 - (fl (g) fl A + (1 - fl) (g) (1 - fl) A fo) + x ® (1 -y) Ay 

Before the following lemma we shall introduce Kahler differentials (see §25 in lfT4l 
and §26 in IfTSl ). First, recall the definition of a derivation map D e Der{A,M) for a 
ring A and an A-module M isD : A M and this map satisfies D{a + b) - D{d) + D{b) 
and D(ab) - aD{b) + bD{a). Now an A-module Ha/f is generated by {da\a e A] so 
that the uniqueness of a linear map / : Oa/f ^ M satisfying Z) = f odis obvious (see 
pl92 of [il4l ). If fl e A then the element da e D.a/f and called the differential of a and 
the A-module Qa/f is called the module of Kahler differentials. 



Lemma 2.2. ( Cathelineau ^,^) The complexes^and\3\are quasi- isomorphic to Ci! 
through the maps d\og : f\' F^ ^ Q' so that the following sequences 



F 



d ^ diog 

P2(F) ^F<®F'' > Q], -» 

^ jSiiF) ^ (J32{F) ® F"") ®(F® B2(F)) ^F® A V ^ ^ 

are exact. Here Q!p is the vector space ofKdhler differential with the respective defini- 
tions ofd log as d log(a ®b) - a^ and d log(a ®b /\c) - a^ A ^. 

2.3.1 Functional equations in /32(F) 

Here we will mainly focus on the work in (|]6l) 
1 . The two-term relation 



2. The inversion relation. 



3. The distribution relation 



<a)2 = <1 - a)2 



<a)2 = -a ( - 



„ . I - ia 
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4. The four-term relation in F[F"]. 



(fl>2- 0)2 + fl(-> +(l-fl) 



1 -b 

I — a L 



= 0, aitb 



The above equation is an infinitesimal version of the famous five-term relation 
and it can be deduced directly from the following form of five term relation ifTTl . 

I 

[a]2-[b]2+ - - i — - + T =0 



1 - fl 



1 - 



2.3.2 Functional equation in /33(F) 

Here as well we will mainly focus on the work of (||6l) 
1 . The three-term relation. 

<1 -a)3 - (a)3 H-fl( 1 - - 
a 



2. The inversion relation. 



(0)3 



The inversion relation is a consequence of the three-term relation Q (see lemma 
3.11 of 0). 



3. The distribution relation 



('"=1 



4. The 22-termrelation.([j6l) 

There are number of ways to write it and one of them is the following. 

c(fl)3 - cQ))3 + {a-b + l)(c)3 
+(1 - c)(l - fl)3 - (1 - c)(l - bh + {b- a){\ - ch 



-a(-) + b(-) + ca{- 



al3 \bh 
1 -c\ 



+c(l - a) 
+(1 - c)a 
-{a - b) 
-ib - a) 
+c(b — a) 



1 — fl 



+ {l-b) 



1 -c 
l-b 



+ c(l - fl) 



l-b 
1 — fl 



a(l-c) 
c( 1 - a) I ^ 
a — b 



■c(l-b) 



-H(l -C)(l - fl) 



b(l-c) 
c(l-b)i, 
b - a 



■bl'-^ 

\ b 13 



1 — fl 



(1 — c)fl 
a — b 



(l-b) 



c(l-a) 
l~b 



(l-c)(l-a) 
b — a 

(l-c)(l-b) 
c{b - fl) 



+ c(fl - b) 



{\-c)b 
c{a — b) 



1 



2.4 Derivation in F- vector space 

Let F be a field and D e Der^iF, F) be an absolute derivation, (see §25 of lfT4l and 
§6 of |l6l) we will also write simply as D e Derz{F). For example if x e F then its 
derivative over Z will be represented by D(x) and will be an element of F as well. 



According to §6.1 in ||6l we have fo : Z[F] 



map 



T2,D : S2{F) P2{F), [ah 



F[F"Ua] 

D{a) 



D(a) 
a(l-a) 



[a] induces a 



(fl)2 



a(l — a) 

We define an F-vector space jS^^iF) generated by [[a]^ for a e F" and subject to the 
five-term relation 





b 


D 


1 


-h 


D 


1 




+ 






1 




+ 


1 


^1 




a 




— a 







where a b, 1 - a 9^ 0, 



D ._ 



where [a] 



with 



where D log a 



D(a) 
fl(l-n) 



[fl] and [a] € F[F"]. Furthermore, we have 
: F[F"] -» F®/^"* 



5? : -Dlog(l -a)®fl + Dlog(fl)®(l - a), 

: We identify Im(T2,D) (c /SoiF)) with /3^(F). We can also write a 



variant of Cathelineau's complex by using the F-vector space 
j6f(F) c F[F"]/(five-term relation). 



as 



with 



fl" 



-Z)log(l - a)® a + Dlog(fl) (8)(1 - a) 

where laj^ = ^<«)2. 

We also want to define F- vector spaces fif^ (F) for « > 3. For this we use a slightly 
different construction by Cathelineau which in the case n - 2 gives his \i2{F) (see fS])- 
For this he divides F[F"] by the kernel of the map 82, of which an important element 
is the Cathelineau's four-term relation. By Remark |23] below the differential of the 
five-term relation in S2{F) leads to Cathelineau's four-term relation. For later purpose 
we note that the differential of Goncharov's 22-term relation in S^iF) vanishes in /3i{F) 
for any D e Der^{F) (see Proposition 6.10 of ||6|)- We define 



jS?(F) 



F[F"] 

P^{F) 



where {F) is the kernel of the map 

laf h-> [fllf ®a + D log(fl) ® [ah 



5?: 



Now we have an F-vector space yS^(F) which is an intermediate stage between a Z- 
module S2{F) and an F-vector space /32{F) and has two-term and inversion relations 
same as !B2(F). 
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2.5 Functional Equations in P^{F) 

The inversion and two-term relations in P^iF) are quite similar to group SiiF). 
1. Two-term relation: 



2. Inversion relation: 



3. The five-term relation: 



M2 = - 





b 


D 


1 


-h 


D 


1 




+ 






1 




+ 


1 






a 


2 


— a 


2 





= 



Remark 2.3. If we use the definition of\a\^ for certain D e Derx(F),i.e., D — a(l - 
a)-^ + b(l — b)-^ € Der-z(F, F) where ^ and ^ are the usual partial derivatives then 

we see that ||t7T - 0- This is how Cathelineau arrived at his four-term relation 



3 Infinitesimal complexes 

There are some homomorphisms which relate Bloch-Suslin and Goncharov's com- 
plexes to Grassmannian complex( Il8l . Il9l . IfTOl ) . This section will relate variant of Cathe- 
lineau's infinitesimal complex to the geometric configurations of Grassmannian com- 
plex. We will suggest here some suitable maps for this relation and then will verify 
the commutativity of the underlying diagrams. Goncharov used /T-theory to prove the 
commutativity of his diagram in which he related his complex with the Grassmannian 
complex (see appendix of lfT2l ') but here we are giving proof of the commutativity 
of diagram (I3.2ab (see ^3.2l below) without using /iT-theory we shall use combinatorial 
techniques with the rewriting of triple ratio into a product of two cross-ratios. 

Throughout this section we will work with modulo 2-torsion and use D e Der^F 
as an absolute derivation for a field F. For ^3.1 [ determinant A is defined as A(/,-, Ij) : = 
(o), li A Ij), for li, Ij € V2, where ca e det is volume form in ¥2- For g3.2l determinant 
A is defined as A(/;, Ij, 4) :- {cj, U A Ij A Ik) for Ij, 4 e Va, where u e det is volume 
form in V3. 



3.1 Infinitesimal Dilogarithm 

Let C„,(2) (or C„,(Pj^)) be the free abelian group generated by the configurations of 
m vectors in a two dimensional vector space V2 over a field F (or m points in P^) in 
generic position. Configurations of m vectors in vector space V2 are 2-tuples of vectors 
modulo GL2(V'2)-equivalence. Grassmannian subcomplex (see diagram [2. lal in ^2. lb 
for this case is the following. 

• • ■ i Cs{2) ^ C4(2) ^ C3(2) 

m 

d: ik, Z„,_i) ^ ^(-l)'(/o, ■■■Ji,..., Im-l) 

!={) 

We will outline the procedure initially for V2 and then will proceed further for Vt,. We 
will also use the process of derivation (see ^2A\ in combination with cross-ratio to 
define our maps. 
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Consider the following diagram 



C5(2) C4(2) Ci(2) 



(3.1a) 



where j8?(f ) and 5^ are defined in ^2.41 we define 



1=0 



Dmi,iM)) 



Note: The above can also be written as: 

2 



)A(Z/,Z,+i) 



I Z;+2)) i'modS 



(4) 



z 

/=o 



A(/,-,Z,+2) A(/,-,,/,+i) 



, / mod 3. 



Furthermore, we put 

T^: (lo,...,h)^lr(lo,...,h)l2 

where laj^ = ^(o) (defined in ^ and r(Zo, . . . , ^3) = Aitj^^M *^ 
ratio of the points (Zq, • ■ • , /s) e C4(P)^)(defined in 32.2.11 ) and following is the cross 
ratio identity for (/q, . . . , Z3) e €4(2). 



A(/o, /i)A(/2, /3) = A(/o, ;2)A(/i, Z3) - A(Zo, /3)A(Zi, ^2) 



(5) 



To ensure well-definedness of our homomorphisms Tq and Tj above, we first show 
that the definition is independent of length of the vectors and volume form a>. Here are 
some results for verification. 

Lemma 3.1. is independent of the volume form to by the vectors in ¥2- 
Proof. According to (|4]i, t^, can be written for the vectors (Iq, l\,l2) as 
. D\Mh,l2)] ^ Z){A(/oJi)} ^ . 

A(;o,'2) A(/o,/i) 

D[AihM)] DiMhM)]^.., 

^^(M^^^^'"'^)-^(i;:7^^^^''''°^ 

A(/2,/l) A(/2,/o) 

further we can also write as 



T^ik, h,h) - 



£){A(/o, I2)] A(lo, h) D{A{lo, h)} A(k, h) ^ D{A{h,k)} Mk, k) 



Changing the volume form ai 1-^ Aai does not change the expression on RHS, due to 
homogeneity of the terms of the RH factors. □ 



Next lemma will show independence of the length of the vectors. 
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Lemma 3.2. Tq o c/(/q, . . . , /j) does not depend on the length of the vectors Ij in ¥2- 
Proof. By using a simple calculation we can write 



o dik, ...,h) 



A{lQ,li)A(l2,h) A{k,h)A{li,l2) 

D{A{lul2)A(loJ3)} A(luh)A(k,l2) 

A{hJ2)Ailo,h) A(/o,/i)A(/2,/3) 

D{A(/o,/2)A(/i,/3)) A(/o,/3)A(/2,/l) 

A{lo,l2)A{li,h) A{h,li)A{l2,h) 



(6) 



now consider A e and we know that ^^jf- - for A e and the other part of 
the right hand side is a cross-ratio. □ 

Note: Since t\ is defined via cross-ratio and c/log so there is no need to check 
things that are mandatory for Tq. 

Proposition 3.3. The diagram below is commutative. 



Ca(2) ■ 



C3(2) 



(3.1b) 



FiSiF" 



Proof. The first thing is to calculate 5^ o Tj(/o, • . • , '3) because we have already com- 
puted Tq o d{lo, ...,h)m^ then by ^ 



T\{k,---,h)^ 



According to this we can identify /o 



A{k,h)A{h,l2) 



A{h,l2)A(h,h) 



, Z3 with points in PL then by the 3 -fold 



transitivity of PGL2(F) any (Iq, . . . ,1^) e (Pp in generic position is PGL2(F) equiva 
lent to (0, 00, 1, fl) for some a e F 



t\ (0, 00, = 



D{a) 
fl(l - a) 



(0)2 = [fllj for any a e Pj, - {0, 1, 00} 



where £)log(a) = Calculate 



D{\-a) D{a) ^, ^ 

■iSia + — ^(8i(l - fl) 



(1 - fl) fl 
For the vectors in €4(2) and by using the identity ([Sj we can write 

n f A(/o.'])AfoA) l 



2)A(fl,/3)J 
A(fo,fi)A(f2./3) 



A(/„,;2)A(;i,/3) 

„( A(/o,f3)A(fi,/2: 

■^lA(/„,;2)A(;,,/3; 



A(k,h)A(lul2) 

A(/o,/2)A(/i,/3) 
AaoJi)A(Z2j3) 

A(lo,l2)A(luh) 



by using -py = - 2^ and then cancelling two terms we can convert the above 
into ^ and the diagram ( I3.1bl i is commutative. □ 
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Further consider the diagram (13.1a) and note that t\o d becomes 

4 

1=0 

Now we can further verify that t\ o dilo, . . . , Z4) € ker(5^) 
d" o(T\od{h,...M)) 



■ 1 
4 



Z(-^ 

;-A ^ 



D[\-r{k,...,h,...,h)\ 



r{k,...,U,...,h) 
D[r{lQ,...Ji,...,U)] 



I r{k), ...,li,...,U) 



[l-r{k,...,li,...,U)]) 



r(lo, ...,li,...,U) 

From now on we will write (if) for A(Z,, Ij) in short. The above expression can also be 
written for each value of ;'s, e.g. 

r,l(12)(43)l rif(14)(23)l 

^{(13X42)1 (14)(23) , £){(y3^! (i2)(43) 



for / = we have - 



mm (13)(24) mm (13)(42) 

(13)(42) (13)(42) 



and similarly for others as well. 

If we multiply out, using -^^^ = + and start to collect each term of 
the form (g) • • • from the above i.e. fix / and /', calculate the sum of all, then 
we will be able to see that every individual term of ® ■ ■ ■ is 0. For example 

^ ® (IxtI) iixT§(ixT| " ^i"'^^ is 2-torsion in F"" so we can easily say 

that the above is zero and o d e ker((9^). 

Projeced cross-ratio: For /q, . . . , Z4 e P^, r{Io\h,l2, h, h) is the projected cross- 
ratio of four points Iq, . . .,[4 projeced from Iq and is defined as 

where A(/,, Ij, Z^) is a 3 x 3 determinant for /,-, Ij, 4 G 

Lemma 3.4. ( Goncharov, A. B., f^) Let xq, . . . ,Xi\ be five points in generic position in 
(-l)'[r(x,|xo, . . . , X,-, . . . , X4)] =06 S2{F\ 



V\. Then 

4 



1=0 

where r{xQ\x\,X2, X3, X4) is the projected cross-ratio of four points xi, . . . , X4 projected 
from xq 

See Lemma 2. 1 8 in [8] for the proof. □ 
In continuation of the above lemma we have a similar result here which shows that 
the projected five-term (or four-term in special condition) relation can also be presented 
for /3^{F) in the same way using geometric configurations of five points in P^. 

Lemma 3.5. Let xq, . . . , X4 be 5 points in generic position in P^ then, for any D 6 
Der^F 

4 

^(-D'lKx.lxo, . . . , X,-, . . . , X4)]|? - e p^iF) (7) 
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Proof. If xo, . . . , X4 in then Lemma lJ?! gives projected five-term relation 

4 

2(-l)'[r(x,|xo, . . .Ji, . . .,X4)] = E B2{F). 

i=0 

According to definition of D e Der-^F in ^2.41 above O is the five-term relation in 
Example 3.6. 

By appropriate specialization of the configuration in Csil), we can use (*) to pro- 
duce Cathelineau's four-term relation from the geometric configurations by using the 
operator D - a(l - a)^ + b{l - b)-^ for F - K{a,b) where a and b are indeter- 
minates over the field K and ^ and ^ are the usual partial derivatives (see §6 of 
||6l). Let (0,00, l,a,b) e (Pp)^ in generic position be the five-tuple corresponding to 

(Zo,...,/4) = (( ? U i U 1 U ? U C5(2). Calculate all possible de- 



1 







1 



1 



1 



terminants formed by (Iq, . . . ,[4) e C^il), i.e. A(Z,, Ij) for < / < y < 4, put all of them 
in O, we get 







1 










1 













= 



smce TT o d 6 ker(<9°), then we use D defined above, calculate each term of the above 
to form cathelineau's four-term relation: 

{a}-{b) + al^\ + (l-a)l^^ 



3.2 Infinitesimal Trilogarithm 

Let C,„(3) (or C,„(P^)) be the free abelian group generated by the configurations of m 
vectors in a three dimensional vector space V3 over a field F (or m points in P^) in 
generic position. Consider the following diagram 



where 



C6(3) ■ 



■ C5(3) ■ 



■ C4(3) 



/3f (F) — ^ (p^{F) ® F"") ® (F ® SiiF)) — ^ F^/y^F"" 



(3.2a) 



To : (/o,...,/3) ^ > ® 

to A(/o,...,//,...,/3) A(/o,...,/,+2,...,« 

^ A(lo,...,li+3,...,h) 

Kk,...X2,...,h) 

1 4 

Z)(n)^,A(Z„/,)) 



1=0 



(8) 
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: ik, . . . , /s) ^ 45 ^^''^ 



A(h,h,h)Kh,l2,h)m,k,h)f 



Mh,h,U)KluhJ5)m,h,h) 



where 



Ifll? = -TT^Mh and A(/„ Ij) = A(Zo, ...,//,..., /,■, . . . J4) 
a(l - a) 

(ifll?) = Ifll? ® fl + ^ ® [ah 
(ifl]]? ® + X (g) [y]2) - ^ — — ® fl A - ig) (1 - a) A ^7 + jc ® (1 - y) A y 



First we need to show that our maps and Tj are independent of the chosen volume 
form (JL>. There is no need to show that same thing for the map t^. The proofs of the 
following three lemmas are similar to those in §3 of |8|. 

Lemma 3.7. is independent of the volume element o) e det Vy 

Proof. We can write equation (O in the form 

3 



Tl{lo,...,h)^Yj^-l) 



,^1 DA{lQ,...,li,...,h) ^ A(k,...,li^u.-.,h) 

A(/o, ...Ji,...,l3) Ado, /,+2, ■ ■ ■ , ^3) 



A(/o,...J;+2,...,/3) 
A(/o,...,/V3,...,/3) 



(9) 



If we apply the definition of A in terms of o) in the above then the last two factors will 
remain unchanged and we know that ^^^7^ = for all A e F^. a 

Lemma 3.8. t"? is independent of the volume element co e det Vy 



Proof To prove the above we will take the difference of the elements Tj(Zo, . . . , Z4) by 
using the volume forms A ■ a> and a>{A € F^), term of type F®S2{F) will be zero while 
the term of type yS^(f ) ® F^ will be 



= -\ J](-iy{lr{li\lo, ... J/, ... , l4)l2 ® n '^^ 
- Irm, ...,li,..., k)!^ ® Y] 

1 4 

= Yj^-mrm, ...,ii,..., u)!^ ® / 

/=0 

We use lemma 13.51 which shows that left factor of the above is simply the projected 
five-term relation in /SjiF). a 

Now we need to show here that the composition map Tj o t/ is independent of the 
length of the vectors in V3 . 

Lemma 3.9. t] o d does not depend on the length of the vectors U in V-i. 
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Proof. The proof of this lemma is quite similar to the proof of proposition 3.9 of fS), 
but we will out line here main steps because this proof involves more calculations. It is 
enough to prove that the following 

rf o d{{k, ...,h)- Wo, A,h)} = {Ai 6 F"") 

We will consider the case Ai = • ■ • = ^5 = 1 and Ao = A 

The first summand (h, . . ., I5) will not give any contribution to the difl'erence 

T?Oflf{(/o,...,/5)- Wo, •••,«) (10) 

Now consider the second summand -{Iq, h, h, k, h) 
1/ ^ 

* 7=2 ;=0,3,4,5 

-lr{h\k,h,lA,h)l2 ® A^ n A{h,lj) + lr{h\k,h,h,h)l2®^^ W ^M) 

j=0,2.4,5 7=0,2,3,5 

-lr(h\loJ2,h,l4)l2^A^ n AilsJj) 

,/=0,2,3,4 

4,o(ni„jAa,,y) . > 

' «M/„.-..t.-..w]) 

/#1 



•y-IK/o|/2, ^3, ^4, ^5)1? ® n ^('O' + t''('2|/0, ^3, ^4, ^s)!? ® A(Z2, /,) 

^ ,/=2 j=0,3,4,5 

-lr(h\kJ2,l4j5)l2^ n A(/3,f;) + Ir(Z4|/0,/2,/3,/5)]l2 ® fl ^^^^''^^ 

./=0,2,4,5 7=0,2,3,5 

-IK/5|/0,/2,/3,/4)l?® n Hl5jj) 



7=0.2,3,4 



5 D(n7„.,A(f,-,Z,)) „ \ 

§^__^.[K/,|/0,...,/,,...,/4)l) 



,=0 MliJj) 

(#1 



This difference gives us 

^(lK/2|/0, h, k, l5)l2 - Mhlk, h, h, /5)1? 

+ IK'4|/0, /2, /3, l5)l2 - Mlilk, l2,h, Un") ® (11) 

If we apply lemma [331 to the 5 -tuple (Iq, I2, h, UJs) of points in then we see that 

Ir(/o|/2, h, I4, 15)12 = IK/2I/0, h, h, l5)l2 - l>-ih\k, h, h, ls)l2 
+ imio, k, h, l5)l2 - Mhlk, h, h, k)l2 

Then equation [TT] can be written as 

^IK/0l^2J3,/4,/5)l°®^' (12) 
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The contribution of the summand (-l)'(Zo, ...,/,-,..., /s) in equation[T2lis 
1 



-(-ly-'Mkllu-.-Ji,..-, 15)12^^1^ 

3 



Now for all summands 



,=1 



According to lemma [33] left factor of the above is projected five-term relation in 

and is zero. □ 



Theorem 3.10. The following diagram 



■ C4(3) 



F^ f\^F'' 



is commutative i.e. t^^o d — o Tj 



Proof. From now on we will denote A(Zo, h, h) - ih, h, h) 

Tp o c/(/o, ...,U) 
( 4 



^(-l)'(Zo,..., W 

=0 

~ ,„ £>(/0,...,//,... j"3)^(/0,...,/,+l,...,/3) 
= Alt(0i234) / — 



(/o 



/3) (/o,...,/,+2,...,« 
/,+3,...,Wl 



(/o, ■ ■ • , ^z+a, • ■ ■ , '3) 



; mod 4 



(13) 



where Alt differs from usual alternation sum in the sense that we do not divide by the 
order of the group for Alt. If we expand the inner sum first then we will get 4 terms 
which can be simplified in 12 terms, i.e., we will have terms of the following shape: 



Dih, 12,13) 

(h,l2,h) 



){lo,l2,h) ^(lo,h,h) and so on 



Then we pass to the alternation which gives us 60 terms so we keep together those 
terms which have same first factor e.g.. 



(loJiJi) 



+ (/(), I2, U) A (h,l2, U) - (lo, h,h) A (lo, h, h) + ih, h,k) A (k, h, k)) 



and so on 
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The other part of the calculation is very long and tedious but we will try to include 
some steps here. 

Going to the other side of the diagram, we find 

1 / 

\ ,=0 

d{Uj^,a(iJj)) 



J*' 

®[r(Z,|Zo,..., /4)]}1 



1 4 D(l-r(li\lo,...,li,...,l4)) . r-r — 

i-r(ii\io,...,ii,...,k) y 

D(r{li\k,...Ji,...,l4)) . r-r 

r{h\h,...ji,...,h) y 

+ ® 1 - r(h\h, h)) A r(/,|/o, /4)) 

Uj^iMhJj) ^ ' ' 

From now on we will use (ijk) instead of A(Z,-, Ij, Ik) as a shorthand. If we expand 
the above sum with respect to /, then we will get a long expression. For example when 
/ = 0, we have 



T-,/'(012)(034)\ 

^ ^ ^3^024^) ^ (014)(023) 

+ (0i2)(034) ® (013X024) ^ (234)(134)(124)(123) 

(013)(024) 
r,/'(014)(023)\ 

^ (013X024)) ^ (012)(034) ,.^n 
- (0i4)(023) ® (013X024) ^ (234)(134)(124)(123) 

(013X024) 

D((234)(134)(124)(123)) (012)(034) (014X023) 
(234)(134)(124)(123) ® (013X024) ^ (013X024) 

and we can get four more similar expressions for the other values of / as well. If we 
collect terms of type -^j^®- ■ -A- • ■ i.e., fix /, j and k in all five expressions (one of them 
is given above), then we will see a huge amount of terms but we cancel terms pairwise 
and collect terms of the same kind, we get each remaining term with the coefficient 
"3". So we can write in the following form. 

-3^^ ® '^^^^^ ^ ^^^^^ " ^ ^^^^^ " ^^^^^ ^ ^^^^^ 
+ (024) A (124) - (013) A (023) + (014) A (024)) 

D(013) 

-3-^^ ® {(014) A (134) + (023) A (123) - (012) A (123) 
- (034) A (134) - (014) A (034) + (012) A (023)} 



and so on 
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It turns out that every term has "-3" as a coefficient that cancels the factor -| in the 
definition of Tj then comparing the expression above with (fT3l l. we find after a long 
calculation that both agree (term-wise) □ 

Here we have another result which wiU then complete the commutativity of diagram 
Theorem 3.11. The following diagram 



C5(3) 



■(/3^(F)(g)F^)e(F®S2(F)) 



is commutative i.e. Tj o 5^ = c/ o Tj. 

Proof. The map is based on generalized cross-ratios of 3 x 3 determinants. The total 
number of terms due to map Tj will be 720 which can further be reduced to 120 due to 
symmetry (cyclic and inverse). The direct procedure which was used in the previous 
proof will be very lengthy and tedious so we will use techniques of combinatorics and 
will rewrite the triple-ratio in to the product of two cross-ratios to prove this result. 
We first compute d o t2(Zo, . ■ - Js) and we already have 



T^(/0,.-.,/5)= ^Alt, 



from now, in this proof we will use (ijk) for A(/,, Ij, Ik) and (0. 
a short hand. 

The above becomes 



, 5) for (Zo, . . . , /s) as 



^ ^ | (013)(124)(205) f 
45 'l(014)(125)(203)J3 



o T^(/o, 



,/5)=— Alt6 



(013)(124)(205) 



(013)(124)(205) 



(014)(125)(203)|2 (014)(125)(203) 

(013)(124)(205) 



2 / (013)(124)(205) 



(014)(125)(203) 



(14) 



First we will consider first term of the above 
2 



43 , Alte {lr3(0 . . . 5)lf ® (013)} + Altg [lr^(Q . . . 5)]lf ® (124)} 
+Alt6 {lr3(0 . . . 5)lf ® (205)} - Altg {lr3(0 . . . 5)]^ ® (014)} 
-Alte [iriiO... 5)lf ® (125)} - Altg {lr3(0 . . . 5)lf ® (203)} ' 



where 



r3(0,...,5) 



(013) (124)(205) 

(014) (125)(203) 
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Use the even cycle (012)(345) 

Alt6 {lr3(012345)]lf ® (013)} = Altg {lr3(120453)]lf ® (124)} 

Now we use |[r3(012345)l^ = |[r3(120453)l^ and similar for the others, then the above 
can be written as 

= ^ (3Alt6 {lr3(0 . . . 5)]|f ® (013)} - 3Alt6 {lr3(0 . . .5)lf ® (014)}) 



Use the odd cycle (34) 



— (6Alt6{lr3(0...5)]lf ®(013)}) 



If we apply the odd permutation (03), then 



= — (3Alt6 {lr3(012345)lf ® (013)} - 3Alt6 {lr3(312045)lf ® (310)}) 



45 

but (013)=(310) so up to 2-torsion 

= ^Altfi {(lr3(012345)l? - |[r3(3 12045)]?) ® (013)} 

Now we will use here the crucial idea of this proof in which we will divide the triple- 
ratio into the product of two projected cross-ratios of four points each. There are ex- 
actly 3 ways to divide this ratio into such a product, i.e., if rT,{a, b, c, d, e, f) then it can 
be divided by projection from a and b, projection from a and c or projection from b 
and c. In our case we will divide by projection from 1 and 2. 



— Alt6 < 
15 



C|[r(2|1053) 



UK110234) 



r(2|1350) 



K 113204) 



2 J 



®(013) 



Apply lemma [33] (five-term relation in /il^iF)) then we will have 



2 

— Altfi 
15 



r(2|1530) 



r( 110342) 



] + |[r(2|1053)])? - |[r(l|0234)])?j ® (013) 



(15) 



We will treat the above three terms individually. We consider first term now, 

k(l|0342)|2 

For each individual determinant, e.g. (013), we have the following terms. 



Alt. 



^ssgr«(oi3) 



Alt, 



K2I1530) 



K 110342) 



®(013)^ = Alt6^^Alt(013)(245) 



r(2|1530) 
K 110342) 



«i(013) 



We need a subgroup in 56 which fixes (013) as a determinant i.e. (013) ~ (310) 
(301)---. 
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Here 5 3 permuting {0, 1,3) and another one permuting {2,4,5} i.e. 5 3 x ^3. Now 
consider 



Alt, 



(013X245) ' 



r(2|1530) " 



r( 110342) 



'(013) 



=Alt, 



<013)(245) 



II2 



=Alt 



<013)(245) 



(210)(235) (104)(132) |^ 
(213)(250) ' (102)(135)| ^ ^ 



By using odd permutation (25) the above becomes 
=0 



The new shape of ( fTSl l is 
2 



15 

Now we will consider the first terms 
2 



Altfi {(lr(2|1053)lf - |[r(l|0234)lf) ® (013)} (16) 



^^Alt6{lr(2|1053)l^®(013)} 
= ^Alt5 |iAlt(245,IK2|1053)lf ® (013) 

= ^Alt6{(|[r(4|1023)lf - Ir(2|1043)])f 
+ Ir(5|1043)l^-|[r(4|1053)l^ 
+ [K2|1053)l^ - |[r(5| 1023)1^) ® (013)} 

We are able to use lemma |33] (projected five-term relation in p^iF)) here. 

= ^Alt6{(lr(0|1234)]]f - Ir(l|0234)l^- |[r(3|0124)]|f 
+Ir(0|1435)l? - [Kl|0435)l? + |[r(3|0145)lf 
+Ir(0|1532)]]^ - [Kl|0532)]]^ + |[r(3|0152)lf) ® (013)} 
Use the cycle (013)(245) then we get 

- ^ ■ 9Alt6 {lr(0|1234)l? ® (013)} (17) 
We also have -^Alte {|[r(l|0234)lf ® (013)} from ^ which can be written as 

^ ■ -6Alt6 {[r(l|0234)]]^® (013)} 
then ( fT6b can be written as 

= ^Alt6{(9|[r(0|1234)lf - 6 IK1|0234)1^ ) ® (013)} 
Use the cycle (01). We will get iAltg {|[r(0|1234)lf ® (013)} as a result of 

20 



This gives the first term in (fT4t . For the second one, consider the second part of (fT4l l 
which has a D log factor in F and we know that — + and —J^ — - -tt^, 

® an a b a b ^ 

while the right factor of second term is in SoiF) which is equipped with five-term 
relation so same procedure can be adopted for the second term as we did for first term. 
So, after passing through above procedure for second term, we get from the second 
term of ^Alte {Dlog(013) ® [r(0|1234)]2}, at the end of the computation we have 
from the LHS of the diagram (simpler form of the diagram) 

= iAlt6{lr(0|1234)l^®(013) + Dlog(013)®[r(0|1234)]2} (18) 
The above allows us to rewrite Tj using alternation sums. In fact, we have 

T^(/o, . . . , /4) = iAlt5{|[r(Zo|/i, /2, h, ® A(/„, luh) 

+ Dlog(A(/o, luh)) ® [rihlluh, h, km 
In reduced notation, the above can also be written as 

rliO . . .4) = ^Alts {IKOI 1234)1^ » (012) + D log(012) ® [r(0|1234)]2} 

It remains to compare d o r^iO, . . . , 5) with Tj o d{Q ... 5). For the latter, apply cycle 
(012345) for d and then expand Alts from the definition of so we get 

t] o £/(0 . . . 5) = ^Altfi {lr(0|1234)]]f » (012) + D log(012) ® [r(0|1234)]2) 

Now use the odd permutation (23) then the above becomes 

= -iAlt6(|[r(0|1324)lf ® (013) + Dlog(013) ® [r(0|1324)]2) 

Finally use the two-term relation to get the correct sign and it will be same as (fTSl ). 
This proves the theorem. □ 

Corollary 3.12. The diagram Il3.2a\l is commutative, i.e. there is a morphism of 
complexes between the Grassmannian complex and a variant of Cathelineau 's com- 
plex which involves the F-vector spaces I3^{F) and P^iF) and the groups S2{F) and 
Fx /yF"". 

Proof. The proof follows from combining Theorem l3. lOl and Theorem [3. Ill □ 

Now consider the diagram (I3.2ab and note that t j o e kerc?^. It is clear from the 

commutativity of the diagram that 5^(r3(£/(/o, . . . , k))) = 0. 

Goncharov has given a morphism from the Grassmannian bicomplex to T(n), here 
we try to establish a result in the following proposition for the infinitesimal case. 

Remark 3.13. The following maps 

1. C4{3) ^ Ciil) ^ F ^ F"" 

2. C5(3)^C4(2)i^f(F) 
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3. CsiA-) ^ C4{3) ^ F A-F" 



4. C„+i(« + 1) ^ C„+i(«) ^ F ® A""' 



are zero, where 



t'o(/o, ■•-,'«) 

/ d(A(Zo,..., /„)) a(/o,...,/Vi,...,/„) 



i=0 ^ 



A(Zo, ...,/;,..., /„) A(Zo, . . . , /,+2, ■•■,'«) 

A(Zo, . . . , Z,+(„-i), . . . , Z„)\ . 

A • ■ • A r — ■ , I mod (n + 1) 

A(/o, . . . j,+„, . . . , /„) / 
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